While quasinormal modes of bosonic fields for the non-trivial 4-dimensional Einstein-Gauss-Bonnet theory of gravity suggested in [D. Glavan and C. Lin, Phys. Rev. Lett. 124, 081301 (2020)] have been recently studied, there is no such study for fermionic fields. Here we calculate quasinormal modes of the Dirac field for spherically symmetric asymptotically flat black hole in this novel 4D Einstein-Gauss-Bonnet theory. The values of the quasinormal frequencies, calculated by the 6th order WKB method with Padé approximants and the time-domain integration, show that the real part of the quasinormal modes is considerably increased, while the damping rate is usually decreasing when the coupling constant is growing.
I. INTRODUCTION
Quasinormal modes, having been observed in the modern experiments [1] , present the real source of information about black holes. Still these observations allow for interpretations and alternative theories of gravity [2] , which attempt to solve fundamental problems such as singularity problem or quantum gravitational theory. Among these alternative theories are Einstein-Gauss-Bonnet and Lovelock theories including higher curvature corrections to the Einstein term.
Recently a non-trivial Einstein-Gauss-Bonnet theory of gravity has been proposed [3] , which defines a fourdimensional case as a limit D → 4 of the higher dimensional one and does not require coupling to a matter field. This idea stimulated an impetuous growth of related works during last month . At the same time, while quasinormal modes of higher dimensional Einstein-Gauss-Bonnet and Lovelock theories were extensively studied [39] [40] [41] [42] [43] , there is no such study for the novel 4D theory, except [4] , where quasinormal modes of scalar, electromagnetic and gravitational perturbations of spherically symmetric asymptotically flat black holes were studied. We extend these results via studying of the Dirac field quasinormal modes of a spherically symmetric asymptotically flat black hole in this novel four-dimensional Einstein-Gauss-Bonnet theory of gravity. This gives us description of oscillations of fermionic (such as neutrino) excitations in the vicinity of a black hole.
The eikonal instability [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] of gravitational perturbations in the novel Einstein-Gauss-Bonnet theory discussed in [4] imposes essential constraints on the coupling constant. The obtained constraints, as it takes place in the higher dimensional Einstein-Gauss-Bonnet theory, require that the GB coupling constant is small enough [28] [29] [30] [31] [32] [33] [34] [35] [36] 38] . The threshold values of the coupling constant indicate the scope for existence of a black hole, where its stability is not affected. * wwrttye@gmail.com
The paper is organized as follows. In sec. II we present the fundamentals on the Einstein-Gauss-Bonnet theory and the corresponding black hole solution. In sec. II we discuss the master wave equation. Sec. III is devoted to quasinormal modes of Dirac field. In Conclusions we summarize the obtained results and mention some open questions.
II. THE BLACK HOLE METRIC IN THE NOVEL FOUR-DIMENSIONAL EINSTEIN-GAUSS-BONNET THEORY
General Relativity in a four dimensional space-time is described by the Einstein-Hilbert action,
where D = 4 and the reduced Planck mass M P characterizes the gravitational coupling strength. The following conditions of the Lovelock's theorem [44] [45] [46] : a) diffeomorphism invariance, b) metricity, and c) second order equations of motion, guarantee that the Einstein theory is the unique four dimensional theory of gravity. For D > 4 the general action corresponding to the above requirements is
where α is a dimensionless (Gauss-Bonnet) coupling constant and G is the
If, as was suggested in [3] , we first rescale the coupling constant
of the Gauss-Bonnet term and afterwards consider the limit D → 4, we come from the solution for a static and spherically symmetric case in an arbitrary number of dimensions D ≥ 5 [47]
to the four-dimensional metric
where M is a mass parameter. Here we considered the Newton's constant G = 1/(8πM 2 P ) = 1 and 32πα as a new coupling constant α. As the metric function f + (r) corresponds to asymptotically de Sitter case, here we will study f − (r), which is asymptotically flat. Note that the black-hole metric (5) was considered earlier in [48, 49] regarding the corrections to the entropy formula.
III. MASTER WAVE EQUATION
The general covariant Dirac equation has the form [50] :
where γ α are noncommutative gamma matrices and Γ α are spin connections in the tetrad formalism. After separation of the variables equation (6) takes the following form
where the "tortoise coordinate" r * is defined by the relation
and Ψ + is related to Ψ − by the Darboux transformation
The effective potentials can be written as follows:
where the prime designates the differentiation with respect to the "tortoise coordinate" r * . The potentials V + (r) and V − (r) can be transformed one into another by the Darboux transformation, which means that the both potentials provide the same quasinormal spectrum. Therefore we can use only V + (r) for calculation of quasinormal modes and be sure of stability of the Dirac field for the other chirality.
The effective potential V + (r) has the form of a positive definite potential barrier with a single peak. The solutions of the master wave equation (7) with the requirement of the purely outgoing waves at infinity and purely incoming waves at the event horizon (see, for example, [51, 52] ) provide the discrete set of quasinormal modes. 
IV. QUASINORMAL MODES OF DIRAC FIELD
For calculating quasinormal modes we shall use the two methods in different domains:
1. In the frequency domain we shall use the WKB method of Schutz and Will [53] , which was extended to higher orders in [54] [55] [56] and became considerably more accurate by applying Padé approximation in [56, 57] . We use the higher-order WKB formula [58] :
where K takes half-integer values. The corrections A k (K 2 ) of order k to the eikonal formula are polynomials of K 2 with rational coefficients and depend on the values of higher derivatives of the potential V (r) in its maximum. In order to increase accuracy of the WKB formula, we follow Matyjasek and Opala [56] and use Padé approximants.
2. In the time domain we shall use integration of the wave equation at a given point in space [59] without the stationary ansatz. We shall integrate the wavelike equation rewritten in terms of the light-cone variables u = t−r * and v = t+r * . The appropriate discretization scheme was suggested in [59] : 
where we used the following notation for the points:
The initial data are given on the null surfaces u = u 0 and v = v 0 .
As both methods were discussed in a numerous literature and have been recently surveyed in [51, 58] , we shall not describe them in detail, but only demonstrate their agreement in the common range of applicability. We mainly used the 6th order WKB method with Padé approximants [56] form = 5 [58] and time-domain integration to verify the obtained results. As can be seen from the Table III , the values of the quasinormal modes calculated by both methods in stability region for α are in a good correspondence. At α ≈ −1.5 and less there appear two concurrent modes in the time-domain profile (see an example for k = 2 in Fig. 1) , which makes the agreement between WKB and time-domain integration slightly worse. In this situation we are to rely on the results obtained by the time-domain integration since it is based on the convergent procedure. From the Tables I and II one can also see that the damping rate is more sensitive to increasing the coupling constant α than the real oscillation frequency (which is monotonically increased). This behaviour of the quasinormal modes is qualitatively similar to the results obtained in [4] for fields of other spin.
V. CONCLUSIONS
The novel formulation of the four-dimensional Einstein-Gauss-Bonnet theory is non-trivial and distinct from the pure Einstein theory even in the four dimensions owing to the re-scaling of the coupling constant. In [4] quasinormal modes of scalar, electromagentic and gravitational perturbations of spherically symmetric asymptotically flat black hole in this theory were studied. We extended these results by calculation of the quasinormal modes of the Dirac field for the spherically symmetric asymptotically flat black hole in this novel (3 + 1)dimensional Einstein-Gauss-Bonnet theory.
We have found that the damping rate is more sensitive to the changing of the coupling constant α in the stability region than the real oscillation frequency. The effect owing to the non-zero coupling constant in the sta-bility region, especially for negative values of α, can be considerable and reach tens of percents.
Considering of the quasinormal modes of an asymptotically de Sitter black-hole case for fields of various spin can be a further extension of our paper [60] .
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